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NEWTON-TAU NUMERICAL SOLUTION OF A SYSTEM OF NONLINEAR
FREDHOLM INTEGRAL EQUATIONS OF SECOND KIND

KARIM IVAZ t, BAHRAM S. MOSTAHKAM 1, §

ABSTRACT. In this paper, the Newton’s method is applied to linearize a system of nonlinear
Fredholm integral equations of second kind and obtain a system of linear Fredholm integral
equations and so we found the Tau’s numerical solution of the linear form.
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1. INTRODUCTION

Integral equations are used as mathematical models for many physical situations, and integral
equations also occur as reformulations of other mathematical problems. Recently a great deal
of interest has been focused on the applications of the Newton’s method or Tau’s method to
solve a wide variety of problems [1,2,3,4,5,6]. The Taylor-series expansion method presented in
[7] for solving a system of linear Fredholm integral equations of second kind. In our work the
Newton’s method and Tau’s method applied for solving a system of nonlinear Fredholm integral
equations with smooth or weakly singular nonlinear kernels.

Let us consider the following model for a system of nonlinear Fredholm integral equations of
second kind

b
U(z) = F(z) + )\./ K(x,t,ui(t),ua(t),...,uq(t)) dt, x € [a,b], (1.0.1)

where

Uz) = [uy(z), ua(z), . .., uq(z)]?,
F(z) = [fi(2), fo(@), ..., fa(@)]",
K(z, t,ui(t), ..., uq(t)) = [Ki(z, t,ur(t), ..., ug(t), ..., Kq(xz, t,ug(t) ... uq(t)],
A=A, A2, Ad)T,
The functions F' and K, and the vector X\ are given, and U is the solution to be determined.

For R = [Ry,...,Ry]", we define

AR =[\MRi, MRy, ..., \qRq]".
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2. APPLICATION OF THE NEWTON’S METHOD

Now we apply the Newton’s method to linearization of the problem (1.0.1). For this purpose,
we assume that:

(1) fi € Clayb], i=1,...,d,
(2) K; € C(la,b] x [a,b] x RY), i=1,...,d, are continuously differentiable with respect to
u; fori=1,...,d.
We introducing an operator T': W¢ — W% W = Cla, b], through the formula,

b
T(U)(2) = U(z) — F(z) — )\./ Ko toun (), ug(t) dt, @ € [a,b]
So, the integral equations (1.0.1) can be written in the form
T(U) = 0. (2.0.2)
Newton’s method for this problem is

/

Um+1 =Un — [T (Um)]_lT(Um), m = O, 1, 2, e
or equivalently,

/

T (Un)(Um+1 — Up) = =T(Un)
where T'(U,y,) is the Frechet derivative of T at U,,. Let us compute the derivative of T,

T (U)(V)(x) = lim 5 [T(U + hV)(z) ~ T(U) (@) (2.0.3)

b
= }131% —[hV(x) — )\./ (K (z,t,ui(t) + hoi(t), ..., uq(t) + hvg(t)) — K(x, t,u1(t), ..., uq(t)))dt]

b
~V(2) -\ / WU W)V (b)dt

where
0K (x,t,u1(t),...,uq(t)) OK 1 (x,t,u1(t),...,uq(t))
ou1 e Oug
w(U(t)) = : : :
OK 4(x,t,ui(t),...,uq(t)) OK g(x,tui(t),...,uq(t))
ou1 e Jug
and

V(z) = [vi(2), ..., va(x)]".
Therefore, the corresponding Newton’s iteration formula is

b b
Om+1(z) — )\./ K(Um(t))0m+1(t)dt = —Up(x) + F(z) + )\./ K(z,t,um1(t),. .., umaq(t))dt,
(2.0.4)

Unt1(2) = Up(x) + Om1 (),
here u,,; is the ith element of the approximate vector U,,. So at each step, we solve a system
of linear integral equations. We also assume that U* is a root of the equation (2.0.2) such that
[T(U*)]~! exists and is a continuous map from W to W%, Assume further that 7" (U) is locally
Lipschitz continuous at U™,

|7 (U) - T (V)| < L|U - V|, VU,V e N(U*)
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where N(U*) is a neighborhood of U*, and L > 0 is a constant. Then by application of local
convergence theorem [5,6], there exists a § > 0 such that if

U0 = U™ <6,
then the Newton’s sequence {U,,} is well-defined and converges to U*. Furthermore, for some
constant M we have error bounds

U1 = Ul < M|[Us = U*|* and  |[Up = U*|| < (M3)*" /M

3. THE TAU’S METHOD APPLIED TO (2.0.4)

Consider the equation (2.0.4)

b b
Sver () — A / K (Un())0mss ()t = —Un () + F(z) + A. / K@ttt (6 tma(t)) dt,

Um+1()_U ()+6m+1( ) ,m=0,1,2,.
Let X = {1,z,2% 23, ...} be standard polynomial basis. Now we convert the equation (2.0.4) to
the correspondlng hnear algebraic equations. Let us assume that

OK;(x,t t),...
z(l" 7U1( ), 2 ‘U Um = ZZK}Z kts g =1,....d

auj k=0 s=0
Oo .
Om+1(2) = [ Omt1,1(2), -+ Ompr,a(2 Zalj vy aga? T =
=0
where
A=la] ,i=1,....,d ,57=0,1,
and
b
—Up(z) + F(x) + A K(x,t,um1(t), .., umd Z fija?, Z fajx’
with

F=[fyl ,i=1,...,d ,j7=0,1,...
Then one can writes

/b aKZ(LL’, t, Ui (t), c. ,ud(t))

| U:U‘"L 5m+17] (t) dt

[e.e] o0 o0 .
— S Kl ajrt / Fdt
q=0 k=0 s=0 a
= Q]szza

where

Qj = [ajl, ajg, .. .],
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> oico Kojoyo - 22700 Knjajo
i z z
= Z]O‘io Kojogm ... Z?io Kyjajm
with
b 1 . .
aj = /a tHide = m(bﬁ-l—&-l _ a/j-‘rH—l)’ for j,1=0,1,..

so we have the following form for the integral part of the system

J :
b Zj:l QjKlJX
[ stum e - ; ,

a d -
Zj:l QjKd]X
and the coefficients of exact solution d,,11(z) of problem (2.0.4) satisfies the following infinite
algebraic system

aG=g

where

a=[a ay... a4,

and G is a block matrix,

I— MK —XK2 . )\ KU
“MEK2 T K22 . )\ K®
G = . . ) .
—M KM K2 T — N\gKY
and

Ft
i
F2
g=| .
Fy

where F; denotes the ith row of matrix F.

Definition. The polynomial
(5m+1)n = an X

will be called an approximate solution of (2.0.4), ifa, = (@ ,,, 9, -+, Qi) 5% = [@i0; Gt - - -, in,
is the solution of the system of linear algebraic equations

a, G, = gn

where elements of G, is the restriction of elements of G to first (n+1) rows and (n+1) columns,
similarly for g,,.



KARIM IVAZ, BAHRAM S. MOSTAHKAM : NUMERICAL SOLUTION OF A SYSTEM OF ... 205

4. NUMERICAL EXAMPLES

In this section we apply the above methods to some examples in order to compare numerical
solution with analytic solution.
Example 1. Consider the following system of nonlinear Fredholm integral equations of second
— J xtul t) + t2u3(t)dt = 5 + 3z

kind
uy
ug(w fo tud(t) — zua(t))?dt = %1 4 %x + %$2

with exact solution uj(z) = z and uz(x) = 2. The numerical results with initial guess ug 1(z) =
0 and ug 2(z) = 0 are given in Tablel and Table2 (m: number of iterations in Newton’s method,
n: degree of polynomial in Tau’s method)

Table 1- Numerical results for Examplel and for m=10 and n=2

| x || Computed u;(z) | Relative Error || Computed uy(z) | Relative Error |

0.0 -0.00000358 — 0.00032421 —

0.2 0.20004537 2.2685 e-004 0.04024127 6.0318 e-003
0.4 0.40009432 2.3580 e-004 0.16016220 1.0138 e-003
0.6 0.60014326 2.3877 e-004 0.36008701 2.4169 e-004
0.8 0.80019221 2.4026 e-004 0.64001570 2.4531 e-005
1.0 1.00024116 2.4116 e-004 0.99994828 5.1720 e-005

Table 2- Numerical results for Examplel and for m=15 and n=3

| x || Computed u;(z) | Relative Error || Computed up(z) | Relative Error |

0.0 -0.00000016 — 0.00000105 —

0.2 0.19999980 1.0000 e-006 0.04000080 2.0000 e-005
0.4 0.39999976 6.0000 e-007 0.16000053 3.3125 e-006
0.6 0.59999971 4.8333 e-007 0.36000025 6.9444 e-007
0.8 0.79999967 4.1250 e-007 0.63999995 7.8125 e-008
1.0 0.99999963 3.7000 e-007 0.99999965 3.5000 e-007

Example 2. Consider the following system of nonlinear Fredholm integral equations of second
kind

fo e* 2 (t) + zud(t))dt = Fa

with exact solution u;(x) = 1 — x and ug(z) = e*. The numerical results with initial guess
up,1(z) = 1 and wp2(x) = 1 are given in Table3 and Table4, (m: number of iterations in
Newton’s method, n: degree of polynomial in Tau’s method)

{ulw 3 *t(u%(t)—xw(t))uxwdt et

Table 3- Numerical results for Example2 and for m=6 and n=6
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FIGURE 1. (Tablel, uy(z))

FIGURE 2. (Tablel, uy(z))

| x [ Computed uy(x) | Relative Error || Computed uy(z) | Relative Error |

0.0
0.2
0.4
0.6
0.8
1.0

0.99999061
0.79998426
0.59997791
0.39997156
0.19996521
-0.00004114

9.3900 e-006
1.9675 e-005
3.6817 e-005
7.1100 e-005
1.7395 e-004

1.00006759
1.22147643
1.49190697
1.82220821
2.22560760
2.71819091

6.7590 e-005
6.0316 e-005
5.5147 e-005
4.9069 e-005
2.9957 e-005
3.3448 e-005

Table 4- Numerical results for Example2 and for m=10 and n=10

] X H Computed u;(x) \ Relative Error H Computed uz(x) \ Relative Error

0.0
0.2
0.4
0.6
0.8
1.0

1.00000000
0.80000000
0.60000000
0.40000000
0.20000000
0.00000000

0
0
0
0
0

1.00000000
1.22140275
1.49182469
1.82211880
2.22554092
2.71828180

0

0

0

0

0
7.3576 e-009
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FIGURE 3. (Table3, ui(z)) FIGURE 4. (Table3, ua(z))

5. FINAL REMARKS

We see that if the number of iterations in the Newton’s method and Tau’s method increase,

the computed solutions converges to exact solutions. All computations were carried out using
MATLAB 7 on a PC.
In future work, we use this method for numerical solution of a system of nonlinear integro-
differential equations.
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