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ADVANCES FOR THE POOLING PROBLEM: MODELING, GLOBAL
OPTIMIZATION, AND COMPUTATIONAL STUDIES
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ABSTRACT. The pooling problem, an optimization challenge of maximizing profit subject prod-
uct availability, storage capacity, demand, and product specification constraints, has applica-
tions to petroleum refining, wastewater treatment, supply-chain operations, and communica-
tions. This review illustrates the long-standing symbiosis between the industrial challenge of
optimally combining feed stocks into products and the mathematical field of global optimization.
We present five sub-classes of pooling problems: standard pooling, generalized pooling, extended
pooling, nonlinear blending, and crude oil operations as representative industrial challenges. We
also discuss solution techniques: successive linear programming, the global optimization algo-
rithm GOP and other Lagrangian-based approches, the reformulation-linearization technique
(RLT), and piecewise-affine underestimation in the context of the pooling problem.
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1. INTRODUCTION AND POOLING PROBLEM MOTIVATION

Final products in a petroleum refinery are created by combining feed stocks emerging from
distillation units, reformers, and catalytic crackers [14]. The input feed stock streams, which
have varying chemical compositions and physical properties, are sent to common tanks or pools
before being mixed into products. The mixtures in these intermediate pools are blended with
additives such as ethanol to create a plethora of final products, such as three grades of gasoline,
diesel fuel, aviation jet fuel, and fuel oil [71].

The challenge of maximizing profit subject to product availability, storagecapacity, demand,
and product specification constraints can be explicitly formulated as an optimization problem.
Recognizing the value in process optimization, Exxon used linear programming as early as the
1950s to improve blending schemes [12]. The objective of these linear models, like the more
physically-accurate nonlinear models that followed, was maximizing profit subject to product-
specific constraints. Blending feed stocks became more challenging in the 1970s as recognition of
environmental and health hazards limited the octane-enhancing additive tetra-ethyl lead [14, 61].
In more recent years, the Environmental Protection Agency (EPA) has, in accordance with the
Clean Air Act of 1990 [1, 2], enforced reductions in smog-forming volatile organic compounds
(VOC) and nitrous oxides (NOx).

These environmental standards, coupled with limited availability of low-sulfur crude and new
automobiles requiring high octane fuels [14], inspired extensive research into the pooling problem.
The pooling problem involves a feed-forward network topology and a set of restrictions on the
chemical and physical properties of the products. The network contains a set of input nodes,
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representing the feed stock supply, a set of intermediate nodes, symbolizing the pools, a set of
output nodes, denoting the final products, and a topology of inter-node connections, representing
possible flows.

When the intermediate nodes are unnecessary (i.e., feed stocks are directly blended into final
products) and the product properties can be calculated using flow—weighted averaging of the
feed stocks (i.e., linear blending applies), the optimization problem can be expressed as a linear
program (LP). However, monitoring pool composition requires nonconvex bilinear and, for large-
scale problems with pools in series, trilinear terms, making the problem a nonlinear program
(NLP).

The pooling problem nonconvexities, which prevent linear, convex, and stochastic solvers
from certifying global optimality, inspired extensive research into the field of global optimiza-
tion. Conversely, advances in global optimization permitted formulation of larger, industrially-
relevant problems with variable network topology [61], nonlinear quality blending [35], and crude
operations scheduling [50]. This paper reviews the pooling problem by discussing modeling and
problem formulation for each sub-class of the pooling problem, highlighting global optimization
algorithms that were developed to solve pooling problems, and describing the computational
studies performed on benchmark problems. Our objective is to illustrate the long-standing sym-
biosis between the industrial challenge of optimally combining feed stocks into products and the
mathematical field of global optimization.

Although we have introduced the pooling problem through the lens of petroleum refining, the
problem is widely applicable to other chemical engineering and environmental challenges such
as wastewater treatment [11]. More broadly, the problem arises in other areas of engineering
including supply—chain operations and communications. To contextualize the pooling problem
within the field of process systems engineering, refer to the review of Kallrath [48]. For a more
comprehensive survey of global optimization and its implications to a variety of applications, see
the books edited by Floudas and Pardalos [19, 20, 21, 22, 23, 24], the recent reviews of Floudas
et al. [28] and Floudas and Gounaris [17], and the book of Floudas [15]. Because this review
will focus most heavily on advances made since 2000, consult the introductory sections of the
articles by Floudas et al. [27], Floudas and Aggarwal [16], and Adhya et al. [3] and the books
by Floudas [15] and Tawarmalani and Sahinidis [86] for a more detailed treatment of early work
on the pooling problem.

2. OVERVIEW OF POOLING PROBLEM CLASSES

This section focuses on mathematically modeling the pooling problem. We introduce and
formulate five relevant classes: the standard pooling problem, modeled as a bilinear program;
the generalized pooling problem, represented as a mixed-integer bilinear program; the extended
pooling problem, formulated as mixed-integer nonconvex NLP; the nonlinear blending problem,
expressed as a nonconvex NLP; and the crude operations problem, modeled as a mixed-integer
nonconvex NLP.

2.1. Standard Pooling Problem. In the standard pooling problem, the flow rates on a pre-
determined network structure of feed stocks, pooling tanks, and final products are optimized
to maximize profit subject to quality constraints on the final product composition. Since the
standard pooling problem considers linearly-blending fuel qualities with only one layer of pools,
the only sources of nonconvexity are bilinear terms which arise from the quality balances about
the pooling tanks [27, 16, 15, 86]. Because the bilinear terms participate in equality constraints,
the problem is not convexifiable and must therefore be addressed with global optimization tech-
niques for a certificate of optimality [36].

Haverly [39], who published the first algorithm to locally improve the standard pooling prob-
lem, observed that the solution to his algorithm depended on the starting point. But, in the
high-throughput petroleum industry where large profits can be made by a saving a fraction of
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a cent per gallon, even implementing local NLP solvers had an impact. Dewitt et al. [14] con-
servatively estimate that using the local optimizer OMEGA for gas blending yielded 30 million
dollars in annual revenue for Texaco. Interest in theoretically guaranteeing global optimality led
researchers to exploit the special structure of the standard pooling problem by making advances
in biconvex and bilinear programming. These advances will be discussed in Section 3.

TABLE 1. Notation for the Standard Pooling Problem

Type Name Description
Indices i€ {1,2,...,I}  Input streams (raw materials or feed stocks)
l1e{1,2,..,L}  Pools (blending facilities)
j€e{1,2,..,J}  Output streams (end products)
ke{1,2,...,K}  Attributes (qualities monitored)
Sets Tx (i, 1) pairs for which input to pool connection exists
Ty (I, 7) pairs for which pool to output connection exists
Ty (i, 7) pairs for which input to output connection exists
Variables Ti ) Flow from input i to pool [
Y1,j Flow from intermediate pool node [ to output j
2 j Bypass flow directly from input feed stock i to product j
(ofj) Outflow of product j
Dl k Level of quality attribute k in pool [
qi,l Proportion of flow from input ¢ to pool [
Uj k Level of quality attribute k in product j
Parameters Ci Unit cost of raw material feed stock 7
d; Unit revenue for product j
AlL — AiU Availability bounds (required usage to
maximum availability) of input 4
S Volumetric size capacity of pool [
Df — DJU Demand bounds (required production to
demand limit) for product j
Cik Level of quality k in raw material feed stock
P].Lk — P].[,Jk Acceptable composition range of quality k in product j

The standard pooling problem can be expressed using a number of different formulations that,
although mathematically equivalent, have varying implications for problem size and relaxation
tightness [13, 86, 37]. The classical formulation, denoted the 'P’-formulation and originally
formulated by Haverly [39], is presented in Equations (1) — (8). The ’Q’-formulation, proposed
by Bental et al. [13], has a smaller problem size for many topological instantiations of the pooling
problem and is shown in Equations (10) — (16). Appending an additional set of constraints to the
’Q’-formulation using the reformulation-linearization technique constitutes the 'PQ’-formulation
[81, 68, 86]. Finally, the simplified formulation of Audet et al. [10] eliminates one flow variable
per pool, reducing the problem size and implicitly tightening the other flow variables. Table 1
shows the notation used in all of these formulations.

The objective, Equation (1), of the "P’-formulation is to minimize costs (negative profit)
subject to material balance, quality, and topological constraints, Equations (2) — (8). The
quality constraints, shown in Equations (6) & (7), monitor pool quality and ensure that product
composition meets product specifications. Finally, the hard bounds in Equation (8) tighten the
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feasible space of the problem. The K - || Ty | nonconvex bilinear terms in the 'P’-formulation
are of the form (py - y;,;). For instance, a fully connected pooling network with five pools, ten
qualities, and ten end products will result in K - [|[Ty || = 10 - ||5 - 10|| = 500 bilinear terms.

i Yoocimig— Y diyy— Y (dj—ci)-zy (1)

ZiyjPLk (i,1)€Tx (1,5)eTy (i,5)€T2
Feed Availablity Al < Z x|+ Z zij <AY Vi (2)
I (5, D)ETx §:(i,4)€T7
Pool Capacity Z zig < S VI (3)
(i, 1)eTx
Product Demand Df < Z Y + Z zij < D§] vV (4)
I L J)ETy (i, ) €Ty
Material Balance Z x| — Z y,; =0 VI (5)
_i:(’i,l)ETX j:(l,j)ETy

Product Quality

>Ph| X oyt X oz

Z - Z Cin i 1:(1, §)ETy (i, §)ETy ik (6)
(1, §)ETy (i, §)€T7 <PRl X wit X oz
I:(1, )Ty i:(4, j)€Tz
Quality Balance Z Ci kxiy = DLk Z w; Vi k (7)
i:(i, 1)eTx j:(l,5)ETy
0< iy <min{AY,S,, > DY} V(1) eTx
J:(l,j)ETyY
0< Yej < miD{Sg, DJU’ Z Ag]} v (l, ]) € TY
Hard Bounds (i, D€Tx (8)
0< z; <min{AY, DY} V (i, j) €Ty
minC < prp <maxCyy V Ik

The ’Q’-formulation, developed by Ben-Tal et al. [13], replaces the feed stock flow rate
variables x;; with proportional flow rates ¢;; using the transformation:

Til = G5l Z Yi,j Y (i, l) c Tx. (9)
g, j)eTy

Equation (9) eliminates the need for the p; variables, so the 'Q’-formulation is formulated
using LxK fewer variables than the 'P’-formulation. The ||Tx || bilinear ’Q’-formulation terms,
which appear in both the objective function and the constraints, are of the form (g;; - y1,;). For
example, a fully connected pooling network of ten input streams and five pooling nodes results
in [|[Tx || = 50 bilinear terms. As in the "P’-formulation, the ’Q’-formulation minimizes the total
loss (Equation 10) subject to material and topological constraints (Equations 11 — 15), and
appropriate hard bounds (Equation 16).
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(lvj)eTY
Feed Availability Al < Z g Y+ Z zii < AY Vi (11)
lZ(i,l)ETX j:(i,j)ETZ
Pool Capacity Z y; <5 Vi (12)
| ji(L,5)eTy
Product Demand D]L < Z Y+ Z 25 < D]U v (13)
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Product Quality
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(14)

Simplex Definition Z g =1 VI (15)

':(i,l)ETX

0< gy <1 V(i 1) eTx

Hard Bounds | 0 < y; <min{S;, DY, > AV} V(I j)eTy (16)

i:(i,l)ETX

0< zy; <min{Al, DY} V (i, j) € Ty

Although the 'Q’-formulation is smaller than the "P’-formulation for many topological con-
figurations, convex relaxations of the ’Q’-formulation are often looser than relaxations of the
'P’-formulation because the p;; and x;; bounds can be tightened as shown in Equation (8)
while the ¢;; variables are only known to vary between 0 and 1 a priori [37]. The tightness of
these relaxations is important for the underestimation step of global optimization.

The ’PQ’-formulation, a third formulation of the pooling problem developed by Quesada and
Grossmann [68] and Tawarmalani and Sahinidis [86], combines the desirable features of a small
problem formulation with a tight relaxation by appending the following cut to the constraint
set of the 'Q’—formulation:

> wivi=uy; YJ (17)
i:(3,1)€Tx

Equation (17) is derived based on RLT [81] and introduces no additional variables or bilinear
terms into the ’Q’-formulation, but it does result in a tighter relaxation than both the 'P’- and
'Q’-formulations when termwise convex envelopes (discussed in Section 3.3) are used to relax

the formulation [86].
Two additional formulations of the standard pooling problem were proposed by Audet et al.
[10]. These two formulations simplify the 'P’- and ’Q’-formulations by implicitly defining one
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x;; or g, respectively, for each pool. This implicit definition reduces the number of variables
in both formulations by the number of pools, L. Because the x;; terms do not participate in
"P’—formulation bilinear terms, the simplified 'P’—formulation sees no reduction in the number
of nonconvexities, but the simplified ’Q’—formulation has ||Tx|| — L rather than ||Tx|| bilinear
terms. For instance, a fully connected network of ten inputs and five intermediate nodes is
represented with the simplified ’Q’~Formulation using ||T'x || — L = 45 bilinear terms. Audet et
al. [10] showed that these variable eliminations typically expedite solution time relative to the
'P’- and ’'Q’-formulations.

Section 3 discusses some of the specific algorithms designed to facilitate solving the standard
pooling problem. We close our discussion of the standard pooling problem by listing the pa-
pers containing commonly-used benchmark problems: Haverly [39]; Floudas and Pardalos [18];
Foulds et al. [30]; Ben-Tal et al. [13]; Adhya et al. [3]; Floudas et al. [29]; and Audet et
al. [10], that have been used over the years to test algorithms and assess their computational
performance. Because these benchmark problems, representing small to medium-sized standard
pooling problems, are easily solved using modern algorithms [86], researchers have switched
focus to larger-scale, industrially-relevant classes of problems.

2.2. Generalized Pooling Problem. A second class of pooling problems, the generalized
pooling problem, has received substantial attention in the past ten years. In the generalized
pooling problem, inter-pool links are permitted and network components such as intermediate
streams and pools are treated as discrete alternatives [61]. The resulting nonconvex disjunctive
program can be modeled as a MINLP. Figure 1 indicates the difficulty of the generalized pooling
problem. Because each of the arcs depicted in Figure 1 may or may not be activated, the problem
is combinatorially complex with respect to the binary decision variables and bilinear terms.

=
=
o
=}
el
o
Q
o

FIGURE 1. Representative superstructure for the generalized pooling problem
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In both the context of the pooling problem and wastewater treatment systems, researchers
have considered the discrete decisions arising from network design choices. Although the wastew-
ater treatment and pooling problems represent different problems, they are both linear program-
ming problems except for the bilinear terms that monitor intermediate-node quality balances.
Galan and Grossmann [34] selected the appropriate wastewater treatment technology among
multiple options by assigning binary decision variables to model the choice of treatment unit.
While the algorithm of Galan and Grossmann [34] could not certify global optimality, Lee and
Grossmann [54] showed that the heuristic solution of Galan and Grossmann [34] was, in practice,
close to the global optimum. In a review of process design for wastewater treatment,Bagajewicz
[11] also considers the problem of reducing the number of interconnections between process
nodes.

Lee and Grossmann [54] globally optimized a number of process networks examples using the
generalized disjunctive programming representation designed by Raman and Grossmann [69] and
Lee and Grossmann [53]. Their algorithm finds the global optimum of the problem proposed
by Galan and Grossmann [34] and their research describes industrially-relevant improvements
to the problem proposed by Bagajewicz [11].

Audet et al. [10] denoted the optimization of process networks with discrete choices as the gen-
eralized pooling problem and considered a network topology of three feeds, two pools, and three
products. Meyer and Floudas [61] considered an industrially-relevant topological superstructure,
and optimized the network configuration using disjunctive programming. The industrial case
study presented in Meyer and Floudas [61] optimizes a network with seven sources, ten potential
plants, one sink, and three relevant qualities.

Karuppiah and Grossmann [49] studied an industrially-sized instantiation of the generalized
pooling problem by optimizing the network topology of water systems. Using disjunctive pro-
gramming, Karuppiah and Grossmann [49] demonstrated substantial objective value improve-
ment in optimizing integrated water systems rather than sequentially optimizing freshwater and
wastewater systems.

Although the combinatorial complexity of the generalized pooling problem leads to large
models, both Meyer and Floudas [61] and Karuppiah and Grossmann [49] were able to solve
industrially-relevant examples by incorporating piecewise-linear underestimators of bilinear terms
into a global optimization algorithm. Based on these successes, Wicaksono and Karimi [96] an-
alyzed a variety of novel piecewise-linear underestimators of bilinear terms and showed that
the relaxation schemes of Meyer and Floudas [61] and Karuppiah and Grossmann [49] can be
improved using alternate mathematical representations.

2.3. Extended Pooling Problem. Environmental Protection Agency (EPA) Title 40 Code
of Federal Regulations Part 80.45: Complex Emissions Model [2] codifies and legally certi-
fies a mathematical model of reformulated gasoline (RFG) emissions based on the eleven fuel
components recorded in Table 2. Final products exiting an oil refinery must comply with emis-
sions standards, or upper bounds, on volatile organic (VOCyax), NOx (NOXpax) and toxics
(TOXMax) emissions [1].
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TABLE 2. Fuel components in the EPA Complex Emissions Model bounded by
the limits of RFG model accuracy.

Var  Fuel Quality Bounds Units
1 OXY oxygen 0.0-4.0 wt%
2  SUL  sulfur 0.0-500.0 ppm
3 RVP Reid Vapor Press. 6.4-10.0 psi
4 E200 200°F dist. frac.  30.0-70.0 vol%
5 E300 300°F dist. frac. 70.0-100.0 vol%
6 ARO aromatics 0.0-50.0 vol%
7 BEN benzene 0.0-2.0 vol%
8 OLE olefins 0.0-25.0 vol%
9 MTB MTBE wt% Og
10 ETB ETBE wt% Oq
11 ETH ethanol wt% Oq

The extended pooling problem, which was introduced by Gounaris and Floudas [35], incorporates
Title 40 Code of Federal Regulations Part 80.45: Complex Emissions Model [2] and associated
legislative bounds into the constraint set. The extended pooling problem restricts the volatile
organic, NO x, and toxics emissions of RFG by appending three sets of emissions model equations
and the following constraints to the standard pooling problem:

VOC < VOCpax (18)
NOX < NOXpax (19)
TOX < TOXpmax (20)

where VOCyax, NOXpmax, and TOXyax are parameters satisfying applicable legislation.

To integrate the EPA Complex Emissions model into a standard pooling problem backbone,
we augment the formulation by defining outflow rates (of;) and qualities (u;j). The pooling
problem is then extended to encompass the nonconvex EPA Model by calculating the relevant
emissions using the fuel qualities (u; 1) at each product outflow. The outflow rate is defined as:

ofj = Zym + Zzi,j Vi (21)
I i

and the quality balances at the final products outflow are:

(ujk) - (of;) = Zpl,k Y+ Z Cik-zij V3, k. (22)
l i
or:
(uj7k) . (ij) = Z Ci,k “qil Yl + Z Ci,k * Zij Vja k (23)
l:(1, j)eTy :(4,5)€Tz
ii(i, Z)ETX

depending on whether the standard pooling problem backbone is formulated using the 'P’—
'Q’—, or 'PQ’—formulation. The following hard bounds, determined from the network structure,
make Equations (4), (6), (13) and (14) redundant:

Dy < of; <DY v

Hard Bounds{ maX{Pfk, miin Cik} < ujp < min{Pﬁk, max Cix}t Vi, k (24)

After defining the extra variables (of; & u;j) and eliminating the redundant equations, the
output qualities u;j are used as inputs into the EPA Complex Emissions Model. An explicit
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MINLP formulation of the EPA Complex Emissions Model can be found in Furman and An-
droulakis [31]. An implicit assumption in Equation (22) & (23) is that all of the fuel qualities
blend linearly. However, this assumption is inaccurate for RVP, so that fuel quality should be
handled separately.

Constant when
s Nonlinear when E300 < 95 E300>95 ,

BENZ in mg/mile

70 75 95 100

o %
E300 in volume %

FiGUuRE 2. BENZ vs. E300 with other fuel qualities constant

The difficulty in formulating the extended pooling problem is that the equations that make up
the EPA Complex Emissions Model are not only nonconvex, but also non-smooth. Figure 2
illustrates the non-smooth nature of exhaust benzene (BENZ), a component of toxics emissions,
by plotting BENZ versus the fuel quality E300 with all other fuel qualities held constant. Ad-
ditionally, the coefficients of the EPA model [2] change according to the time of year, region in
the country, and the type of vehicle. Despite these challenges, Gounaris and Floudas [35] suc-
ceeded in relaxing an instantiation of the extended pooling problem and approached the global
minimum using piecewise-linear techniques.

2.4. Non-linear Blending. While pooling problems discussed in the literature often make the
simplifying assumption of linear blending, Section 2.3 mentioned that this assumption is not
always valid. In the petroleum industry, important nonlinearly blending fuel qualities include
Reid Vapor Pressure (RVP), Motor Octane Number (MON), and Research Octane Number
(RON).

Many of the modeling standards describing nonlinear blending rules have endured for years.
Healy et al. [40] derived a blending rule for MON and RON (ethyl RT-70) that is still used in
blending optimization problems [82, 97]. In a general study, Rusin [73] discussed the necessary
conditions to design a blend model and developed a simple octane model to demonstrate his
method. Later, Rusin et al. [74] designed an approximate linear model for octane blending.
Treiber et al. [88] considered linearly approximating nonlinear blending rules in the context of
the EPA Complex Emissions Model [2].

Singh et al. [82] used the ethyl RT-70 blending recipes for MON and RON and the Chevron
Index' for RVP into a real-time optimization (RTO) model the optimized gasoline blending.
Zhang et al. [97] extended the work of Singh et al. [82] by considering parametric uncertainty.
Tao and Wang [83] also address the problem designed by Singh et al. [82] and Zhang et al. [97]
using a genetic algorithm.

2.5. Crude Oil Operations. Crude oil unloading or crude oil operations refers to the class of
pooling problems at the front-end of a refinery. In these pooling problems, the input nodes are
supply ships that arrive at a refinery, the intermediate nodes are storage tanks and charging
tanks, and the output nodes are crude distillation units [55]. Oil tankers arrive at the refinery
at discrete times, adding a scheduling component to the pooling problem.

Lee et al. [52] and Shah [76], who were the first to address the crude oil unloading problem,
formulated the scheduling problem using a discretized time formulation. Later, Jia et al. [47]

I This common blending rule for RVP is expressed as RVP122, S = S, RVP!5.1; where ; is the volumetric
- .

K3
fraction of each component [90]
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approached the problems proposed by Lee et al.[52] using the unit- and event-specific continuous
time formulation [41, 42, 43, 56, 57, 44, 45, 46, 78, 77, 79]. Furman et al. [32] improved on the
work of Jia et al. [47] by reducing the number of binary decision variables through additional
constraints to appropriately handle material balances when an intermediate node has both flow
input and output within a given time event. Because standard nonlinear solvers were unable
to certify global optimality on the formulation of Furman et al. [32] using the test cases of Lee
et al. [52], Karuppiah et al. [50] derived valid cutting planes by decomposing the model into
sub-models and showed that the lower and upper bounding problems converged.

Reddy et al. [70] addressed the extensive time required to solve crude oil operations problems
by designing an approximation algorithm to reach a feasible point, hopefully near the optimum.
Li et al. [55] improved the algorithm of Reddy et al. [70] by making it more robust and adding
nonlinear blending to the model.

3. ADVANCES IN ALGORITHMIC TECHNIQUES

The pooling problem classes discussed in Section 2 have been solved using the successive
linear programming, the global optimization algorithm GOP and other Lagrangian approaches,
convex envelopes, the reformulation-linearization technique (RLT), piecewise-affine underesti-
mators, and a variety of branch-and-bound or branch-and-cut schemes. This section introduces
algorithms that have been used to solve pooling problems.

3.1. Successive Linear Programming. Before the development and adoption of global op-
timization algorithms, successive linear programming (SLP) was widely used to locally improve
the pooling problem [51]. In general, SLP algorithms linearly approximate the pooling problem
using a first-order Taylor expansion, solve the linear program to obtain a new feasible point,
linearize the problem at the new point, and iterate [66, 4, 12, 33, 65].

While SLP does not guarantee finding a global optimum, industrial engineers found the algo-
rithm useful for improving processes that already had a reasonable operating point. Lasdon et
al. [51] qualitatively explained that their SLP method usually found the global optimum when
the algorithm was given a reasonable starting point, but would fail for nonphysical initializa-
tions. Additionally, Baker and Lasdon [12] noted that SLP was used at Exxon as a transition
from linear programming because — before the advent of nonlinear programs — the company had
developed the relevant correlations for many nonlinear programs as families of linear programs
rather than analytical expressions of nonlinear programs. SLP, which solves a sequence of linear
equations, fit into the process data that had been collected at Exxon over the years.

3.2. Global Optimization Algorithm (GOP) and other Lagrangian-based Approaches.
GOP, the first rigorous deterministic global optimization algorithm to solve instantiations of the
standard pooling problem, was developed by Floudas and Visweswaran [25], Visweswaran and
Floudas [91], and Floudas and Visweswaran [26] and was improved by Visweswaran and Floudas
[92, 94, 95]. The theoretical developments of the GOP were preceded by the global optimal search
approach GOS [27], which was also applied to pooling problems but could not offer theoretical
guarantees for gloabl optimality. Based on duality theory and Lagrangian relaxation, the al-
gorithm alternates between solving a projection of the primal problem and a series of relaxed
dual problems. When the upper bounding problem (the projection of the primal problem) con-
verges to the lower bounding problem (the series of relaxed dual problems), global optimality is
attained.

Although the GOP algorithm can be applied to a wide range of functional forms [27, 25, 26],
we focus on its application to the standard pooling problem. Using the ’P’-formulation of the
pooling problem, the qualities p;  are fixed. The resulting linear problem is solved, the solution
is used to determine Lagrange multipliers for the original problem, and the resulting Lagrange
function is used to construct an underestimating function [91].
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After Floudas and Visweswaran [25] proved that GOP would find the global optimum for
a range of problem classes, Visweswaran and Floudas [91] solved the three pooling problem
test cases of Haverly [39] and qualitatively showed that their algorithm took an average of 15
iterations to converge for a variety of starting points. Visweswaran and Floudas [92] addressed
the more complex problems of Bental et al. [13]> and showed that their improved GOP algorithm
took less than a minute to solve all of the test cases. Later, Visweswaran and Floudas [94,
95] integrated GOP into a branch-and-bound framework that reduced algorithmic complexity
though pruning and reduction steps at each node in the branch-and-bound tree. Visweswaran
and Floudas [95] demonstrated the efficiency of their algorithms, which were released in a package
called cGOP [93], using the Haverly [39] and Bental et al. [13] test cases.

Other than the GOP algorithm, Ben-Tal et al. [13], Adhya et al. [3], and Almutairi and
Elhedhli [6] have proposed Lagrangian approaches. To determine a lower bound on the standard
pooling problem, Ben-Tal et al. [13] generated a dual to the problem in terms of the Lagrangian
and developed a branch-and-bound algorithm to which generates a converging sequence of lower
bounds (solutions to the dual) and upper bounds (local primal solutions). To make the problem
and the Lagrangian dual more compact, Ben-Tal et al [13] also formulated the 'Q—formulation.

Like Ben-Tal et al. [13], Adhya et al. [3] solved a series of lower bounding Lagrangian du-
als to converge on the global optimum, but their technique yields a tighter sequence of lower
bounds because the dual is solved by iterating between a procedure for generating Lagrange
multipliers and a technique for generating better cuts using the Lagrangian sub-problems. Re-
cently, Almutairi and Elhedhli [6] suggested a new Lagrangian relaxation for the pooling problem
and demonstrated that their relaxation is often tighter than previously-developed Lagrangian
relaxations.

3.3. Convex Envelopes. McCormick [60] and Al-Khayyal and Falk [5] developed an efficient
relaxation technique bilinear term x - y which yields the envelope, or tightest possible convex
relaxation, of the term. This envelope is convex polyhedral, as the result by Rikun [72] dictates,

and, given a domain of interest [z, 2Y] x [y¥, yY], its convex and concave portions are given by
Egs. (25) and (26).

Convex Envelope: max{yL x4 ol Y — ol yL , yU x4+ aY- Yy — 2V yU} (25)

Concave Envelope: min{yU xtaty—at oy oyt a a2y -2l yL} (26)

Therefore, a termwise relaxation scheme replaces every occurrence of z -y with a new variable
z and constrains the new variable with the following linear constraints:

z > ytoa4al.y—ab.oyb
z > yUez+a2Y.y—aV.yV 97
2 < yU.ztal.oy—al.yV (27)
z < yL-x—l—xU-y—mU-yL

Androulakis et al. [7] showed that the maximum difference between variable z and the bilinear
term z -y is equal to dpax = i ~(2Y — 2b) - (yY — yY), that is, proportional to the area of
the domain. Therefore, algorithms using convex envelopes to underestimate bilinear terms seek
maximal domain reduction, making preprocessing methods like those of Lodwick [58] helpful in
uncovering implicit bounds.

In the case of the pooling problem, each (pyx-v15), (¢ Y1), or (ujk - (of;)) term is replaced

1 ta 113 3 D,y q,Y
with its own auxiliary variable (wl7j7k, w; s

to (27) is added to the model formulation for each new variable. These relaxations increase the
number of variables and constraints in the problem formulation, but the linear underestimators,
representing a valid lower bound on the original problem, can be solved efficiently.

or waf , respectively) and a constraint set equivalent

2Actuadly7 Visweswaran and Floudas [92] used problems from a technical report released a couple years before
the Ben-Tal et al. [13] paper was published, but the problems are the same.
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Foulds et al. [30], the first to implement the bilinear envelopes of McCormick [60] in a global
optimization algorithm, used the branch-and-bound algorithm designed by Al-Khayyal and Falk
[5] to address the test cases of Haverly [39] and some larger, novel test cases. Since that time, a
number of other studies have used termwise relaxation of bilinear terms in a branch-and-bound
algorithm (e.g., [68, 86, 49]).

The recursive arithmetic techniques of Maranas and Floudas [59] and Ryoo and Sahinidis [75],
which repeatedly apply the bilinear underestimation scheme of McCormick [60], can be used to
address the higher-order multilinear terms arising in large-scale pooling problems. For a tighter
relaxation of these higher-order terms, Meyer and Floudas [62, 63] derived explicit facets of the
convex envelopes for trilinear monomials. Later, Meyer and Floudas [64] used results of Tardella
[84, 85] to design a method for determining the convex envelope of edge-concave functions, a
class of functions which includes the multilinear terms found in the pooling problem.

3.4. Reformulation-Linearization Technique (RLT). The reformulation-linearization tech-
nique (RLT), adds redundant constraints to the NLP model of the pooling problem so that, when
the problem is relaxed, the resulting underestimation is tighter than it would have been without
the additional constraints. A comprehensive study of RLT can be found in the book of Sherali
and Adams [80].

For the pooling problem, Quesada and Grossmann [68] integrated the reformulation-linearization
technique of Sherali and Alameddine [81] into a branch-and-bound optimization algorithm.
Tawarmalani and Sahinidis [87] proved that the formulation of Quesada and Grossmann [68]
is tighter than both the 'P’— and Q- formulations and, using this formulation (which they
dubbed the 'PQ’—formulation), they obtained fast solution times on all of the standard pool-
ing problem test cases. Meyer and Floudas [61] introduced a piecewise, augmented RLT and
described their success in underestimating a large-scale generalized pooling problem.

Audet et al. [9] designed a branch-and-cut method for quadratic programs using four classes
of RLT linearizations. The cuts generated for bilinear terms, such as the terms found in pooling
problem, are McCormick-style envelopes which are activated for relevant portions of the domain.
The Audet et al. [9] approach partitions the domain and activates appropriate underestimators
during the branching process rather. Audet et al. [10] applied the quadratic programming
algorithm of Audet et al. [9] to solve instantiations of the pooling problem.

3.5. Piecewise-affine Underestimators. The idea of piecewise-affine underestimators comes
from the observation made in Section 3.3 that a bilinear envelope is tightest for small domains.
By partitioning the domain a priori and constructing a series sub—envelopes, we can construct
a relaxation tighter than the parent envelope in the same domain. Because only one of the
envelopes is active for a given domain point, we represent the problem using an MILP rather
than an LP. Figure 3 illustrates the advantage of these envelopes. The piecewise underestimators
in Figure 3(c)—(d), which partition the domain into two and four segments, respectively, are
better underestimators of the original bilinear term than the traditional relaxation in Figure
3(b).

Bilinear Function x*y Piecewise Convex Envelope of x*y: 1 Segment
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Piecewise Convex Envelope of x*y: 2 Segments Piecewise Convex Envelope of x*y: 4 Segments

() (d)

FIGURE 3. Piecewise-defined convex envelopes for bilinear function z - y

Meyer and Floudas [61] and Karuppiah and Grossmann [49] successfully used ab initio do-
main partitioning to underestimate large scale generalized pooling problems (i, e., mixed integer
bilinear programming problems). Karuppiah and Grossmann[49] implemented their piecewise-
linear relaxations into a branch-and-bound algorithm and showed that these new relaxations
significantly expedited solution time. These piecewise relaxations are similar to the one devel-
oped by Pham et al. [67], although the large-scale algorithm of Pham et al. [67] is designed for
fast computation and does not guarantee reaching global optimality.

Based on the successes of Meyer and Floudas [61] and Karuppiah and Grossmann[49], Wicak-
sono and Karimi [96] and Gounaris et al. [37] proposed a number of alternative ways to formulate
piecewise-linear relaxations. Furthermore, Gounaris et al. [37] comprehensively investigated the
application of ab initio piecewise convex envelopes to tight and efficient relaxations of the pooling
problem and suggested ways to better formulate large-scale problems such as the ones addressed
by Meyer and Floudas [61] and Karuppiah [49]. The computational experience documented by
Gounaris et al. [37] can be used to choose the problem formulation (e.g., 'P’— or ’Q’—formulation),
partitioning variable, and relaxation formulation. Figure 4, taken from the Gounaris et al. [37]
study and representing the average of ten test problems, shows the normalized gap reduction for
both the 'P’— and ’Q’—formulations as a function of the partitioning level. The “best 7" curve
indicates that careful choice of parameter «, which controls non-uniform partitioning, closes the
gap much more effectively. Figure 4 also shows that the choice of partitioning variable (p; x, i,
or y; ;) can affect the gap reduction.

% Normalized Gap Reduction

Average

Bfest gamma e

1 1
2 4 6 8 10 12 14
N (# of Segments)

(a) "P’—formulation / 'p’-variant

% Normalized Gap Reduction

0.2

Average

Blest gamma I~f><~|f

2 4 6 8 10 12 14
N (# of Segments)

(b) 'P—formulation / ’y’-variant
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Figure 4. Normalized gap reductions as a function of partitioning level. Curves correspond
to problem set averages.

As a final item of analysis on piecewise underestimation of pooling problem bilinear terms,
recall that there are more ways to represent the pooling problem than just the 'P’— and 'Q’-
formulations [68, 86, 10]. Figure 5 illustrates the importance of choosing the problem formulation
well for BT4, the fourth test case of Ben-Tal et al. [13]. Although the ’Q’—formulation of the
BT4 test case is smaller than the 'P’—formulation, the optimality gap is closed much more
quickly by the 'P’—formulation because of the hard bounds imposed by the feed stock qualities.
We can combine the advantages of a small problem size with tight relaxations by using the
"PQ’—formulation, which tightens the relaxation relative to both the 'P’— and ’Q’—formulation
without increasing the number of bilinear terms over the ’Q’—formulation [86]. The simplified
'Q—formulation of Audet et al. [10], a formulation that eliminates one flow variable per pool,
thus eliminating some of the bilinear terms and implicitly bounding the ¢;, variables, is not, in
this test case, as tight as either the 'P’— or 'PQ’—formulations.
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Figure 5. Comparison of Four Problem Formulations Using the Ben-Tal 4 Test Case

3.6. Algorithms for Production Planning. Although the algorithmic techniques described
in this review mainly focus on finding the global optimum, some researchers have studied the
sensitivity of the solution to changing flow rates and variable fuel qualities. Greenberg [38] used
geometric analysis to determine the extent to which each variable could change while keeping
the solution feasible. This study led Greenberg [38] to describe variables such as input feed stock
flow rates as essential or unessential, where essential variables must be kept near the optimal
point for feasibility, but unessential variables can be varied under changing economic situations.

Varvarezos et al.[89] used the global optimization solver in PIMS [8] to implement additional
refinery planning needs such as risk management into the optimization framework. Using sen-
sitivity analysis, Varvarezos et al. [89] determined which “low flexibility crudes” must be kept
on-hand to prevent any loss of production if delivery is delayed and which “high utility crude”
can be used as a back-up for other crudes as necessary.

4. SUMMARY

This review has considered five relevant classes of pooling problems: standard pooling, gen-
eralized pooling, extended pooling, nonlinear blending, and crude oil operations and a number
of solution techniques: successive linear programming, the global optimization algorithm GOP
and other Lagrangian-based approaches, the reformulation-linearization technique (RLT), and
piecewise-affine underestimation in the context of the pooling problem. Taking a step back, we
see that the industrial challenge of the pooling problem and the mathematical field of global
optimization have positively affected one another. After the success of algorithms like GOP,
researchers were able to consider larger and more more physically-relevant pooling problems.
Because of the challenge of large-scale problems such as the combinatorially complex general-
ized pooling problem, researchers were forced to design new optimization algorithms to approach
the problem.
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